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Framework

Synergy between reduced approaches and first principle physics

gyrokinetics (5D) Reduced models:

Transport 0:P(r,t) =---
OF +{H,Fy=5-¢C + Zonal Flows 8:&(r, t) = - -
Etat turbulent Barriére T turbulence E(r,8) =+

Pression
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GYSELA simulation (IRFM)

* rigorous description = LH transition
% numerical cost : * Numerous hypothesis
pe —> pi — a still unaccessible * Reasonnable cost

Reduced models can help
as long as hypothesis stay under control!
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Framework

What do “reduced model” mean
Start with your preferred non-linear global equation:

X (r,v, t) + V. [u(r, t)X(r,v,t)] = S(r) —D(r,v,t)
——— ————— ~—~ N——
time evolution Flux— NonLinear injection  dissipations

Separate time scales: (X)t =X and <)~<>t =0

* Long time 7 relaxation time

8- X(r,v, ) + <v. [VE(r, H)X(r,v, t)] >t = 5(r)

* Short time t fluctuations time

X + V. [ﬁ)? + ﬁ?] +v. [Gp?] = —D(r,v,t)
How to describe the E x B nonlinearity VE.V)? x b x V(E.V)? 7

* Quasi-linear theory: neglect non-linear term at short times
fast linear response + slow profile evolution
* Shell Models: keep the fast dynamics, truncate convolution
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Framework

A hierarchy of reduced models
Fourier transform the E x B nonlinearity:

bxVe.VF— > [bxp.q]opfy
k+p+q=0
Shell models:

* logarithmic k-grid: k, = ko g"
* isotropy of the unknowns: ¢p = ¢p, fq = fq

* only local interactions: (p,q) =n+1,n+2

LDM approach:
* logarithmic k-grid: k, = ko g"

* keep the angular dependence: ¢p = ¢ (pn,6;) = &
m * local interactions with triangle conditions

Spiral chains:
% spiral k-grid: k, = kog"e™?
* form exact triangles

* relax the locality contraint n+£1, n+3
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Framework

Kinetic model of trapped particles

Direction

Trapped particle motion:

* very fast gyromotion Qs

Banana
Trajectory

* fast bounce wps << Qs

* slow turbulence w << wps
Projection of Trapped lon
Trfoiris s Barana Shaped

“ . s ul (for llusration only) y-
Bounce-average gyrokinetics": i %_
> X-point
a = toroidal angle 5 4 lon gyo-maton
1 & radius Sy

QqE
O:Fs + ZLaan — 0y Fs Baxs + Oy xs OaFs =0
S

allow to describe TIM / TEM

Separate profiles (Fos supposedly known) and fluctuations (6f) + Fourier transform:

. . QgE
Ocfse = ikadyFsoxsk — ka5~ fac— D [bxp.a] Xsp g
s k+p+q=0

Crdx

+oo

ZL/ Josfa VEdE |
0

S

IM. Lesur's talk right after me
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Framework

Conservations

. . QqE
Otfae = ikaOyFsoxsk — ’kaZLfsk - Z [bxp.a] xspfsq
o k-+p+q=0

+oo
Gt = Y7 [ Josfuc VEGE.
0
S

2
Entropy balance: & =T X\ 0+oo \zstkL VEdJE

3
atgfs = (EETS - Kns) Tsol's — KT, Qs — Ds

2
Electrostatic energy balance: Es = > Ck |¢5|

8t€¢ = —Qd Z Qs — D¢
s

Radial fluxes:

+o0
Ts = Y ikatx /0 T VEdE,
k
+o0
o = ke [ TErEVE.
k
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Framework Kinetic shell models kinetic LDM mode Differential approximation Reduced model for LH transition Discussior

TIM and TEM: linear modes

Linear dispersion relation:

+00 72 ko Oy F
G Yz [T T Ve —o
s

w— kaQQyE/Zs
TIM modes: TEM modes:
Yk, 0;) s for fully kinetic system Y(kn. 037 for fully kinetic system
60 6.0 60 8
45 6
40 40
30 4
20 . 20 2
3 0 0.0 3 0 0
-20 L -20 -2
~30 4
—40 40
—45 —6
e w0~ o 20 a0 e o Y O s 0 20 40 o °
Ky ky
* YTIM < YTEM
* TIM peak at largest scales than TEM anisotropy is important

at least for linear injection
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Kinetic shell models

GOY /Sabra models

10/41

GOY?/Sabra® models:
* logarithmic k-grid: k, = ko g"
* isotropy of the unknowns: ¢p = ¢p, fq = f4

* only local interactions: (p,q) =n+1,n+2

Sabra version:*

X . QuE . K2
Otfsn = lansnaw Fso — ikn Zd fssn’j"‘a g,_1 [g 2 (Xs,n—2fs,n—1 - Xs,n—lfs,n—2)
s

2
- (X;,n—lf?>"+1 — Xs,n+1 fs’:n—l) +g (X:,n+1 fS,H+2 - Xs,n+2fstn+1)]

v 3\ VT,
* source: equilibrium gradients 0y Fso o s +(E— = :
Ns 2 Ts

* advection with precession frequency Qg4

* non-linear couplings: n with {n+1;n4 2}
Note the complex conjugates *
GOY version: CC everywhere

ZGIedzer, Dokl. Akad. Nauk SSSR (1973), and Yamada, Ohkitani, J. Phys. Soc. Jpn (1987)
3L'vov, et al, PRE (1998).
#Shaokang Xu, PoP (2018)
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Kinetic shell models

GOY/Sabra: spectrae®

Entropy &, :

Ton (red) and electron (blue) entropy of GOY and Sabra

Electrostatic energy £:

comparaison of goy and sabra

10% 10
1"
107 1072
10—+ 1074
s 0t 107°
T o1t °
5 < 10°%
" —10] w
e 1D 10,
£ 12 :10
=1 § “ o) | e GOY &fe
0!
B joi| [ o= GOY €
10 ; ool | Sabra&y.
10 =—a Sabra&y;
20 —18
107Gt T it io” i 10t 1075t o0 0" 07 0 104
K kn
* similar slopes:
545 ~ k=4
gfs ~ k1
* Saturation levels differ from ~ 3 decades ?
5Shac>|»<ang Xu, PoP 2018, & R. Lustrat, M2 internship report
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Kinetic shell models

GOY/Sabra: time traces®

Electrostatic energy Eg:

comparison of Sabra and GOY

10
L — GOY
ot | —Sabra

(9]
=
L

6Shaokang Xu, PoP 2018
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* ok X

very different time behaviors !
GOY displays oscillations
Sabra is far more chaotic
only difference: phases

GOY:

Oeflne o< X5 -1 Teinta

Sabra:

Of |y o< XF 1 fs,ni1

= phase dependence matters!
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kinetic LDM model

Plan

© kinetic LDM model
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kinetic LDM model

LDM equation’

* logarithmic k-grid: k, = ko g" +

* keep the angular dependence: ¢p = ¢ (pn,6;) = &h

* local interactions: n coupled to n+1, n+2

EQyq

si . s
8tf£,,17 = /kaxzn%, F:q - Ika Z fE”‘:
k2g_4 *jHry £xj—S *j—50 £rj+0
n 0 —s0 - 0
+ 2 V Ho [Xl,n72fl,n71 ~ Xgn—1 fZ,n72
BE 1 itopein g
Jj+Lo gxj—so _ . *j—s0 gxj+Lo
T Vo [Xn—1 fonil — Xeni1fen1

k2 . . . .
Kn *j+Lo gxj—ro *j—rg £xj+Lo
+ 2 vV Ho |:X£,n+1 fﬂ,n+2 - Xl,n+2 Q,n+1

* source: equilibrium gradients

* advection with precession frequency Q4

*j+ro f*jfﬁo

+ Xgng2fenr1 — Xeont1 To,nt2

0y Fso o

s 27

regular 0-grid: 6 = iy

*j+s0 £xj—ro
+ X@,nflfé,n72

_ . xi—ro £xj+s0
Xl,n72 l,n—1

+ X*f+50 f*.i—fo _

*j—Lo r*j+so
2,n+1"2,n—1

Xe,n—1"0,n+1

*j—Lg *j+lg]

ns

v +(E—
ns

VTs
Ts

:)

* non linear couplings n with {n £ 1; n &+ 2}, angular shifts +ry, £sg, £

7Shaokang Xu, PoP 2018
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kinetic LDM model

LDM simulations

% LDM : ¢ (kn, 6))

* streamers anisotropy (TEM
dominate)

* time trace ¢(t)

logio(ky) *sin(0)

predator (ZF) vs prey (turb.)

intermittent, bursts ?

ZF with local couplings 7

43 2 1 0 1 2 3 4
logio(ky) * cos(0)

107 < |ofr) =

10k —  zonal flow

10| —  turbulence

210!

<IBi(r)
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kinetic LDM model

LDM simulations

k-spectrae:

&4, Efiand &

16/41

Pierre MORE

k spectra of &, &7; and &y,

* €¢Nk_4
* Ef ~ kTt — kT2

* do not depend much on model chosen

* do not depend much on phase dynamics

1073

10-13

&, of LDM and GOY

1071 o LDM(anisotropic)

=—= GOY (isotropic)
—

1077 107 107

Origin of these slopes 7

LPP

kn

107

107 10*
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Differential approximation

Plan

@ Differential approximation
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Differential approximation

Differential approximation: Motivation

* E x B nonlinearity:
of

5| = > [zxpl-a xefy

NL ktp+q=0

universal in plasmas
same form in 2D fluid turbulence (stream function )

* Conserved quantities:
Er o 2, £ ox Cro?.

+ Find a model allowing to write energies spectral budgets:

EE+ont = gf -Df
&EY +ong = gl DY

I'Ii, I'If are spectral energy fluxes
play a key role in turbulence

approximation for ﬂ£’¢ ?
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Differential approximation

Differential approximation: algebra
Assume:
kn=hkog" = ko (1 +¢)",

with € small, at fourth order:

knt1 = kn+€kn,

22 3.3 414

€e“ky o ek, .3 ek,
2"8kf,,+ 6"6kfn+ 24"321;,

fn+1 ~ fn + fknak fn +

Plug into GOY/Sabra truncation n+1, n+ 2:

N o~ o Ok [k2x3/2 O (k2x3/28k£)}
X X
~ k 2,3/2 273/249 X
~ —azok [k £3/2 9, (k f ak?)] ,
* Antisymetric: N[f,x] = —N[x, f] Poisson bracket

* Construct energies: N X (x/k) or N x (f/k)

* no phase involved: x and f are amplitudes
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Differential approximation

Passive scalar equations

V2p+zxVp.VV3 = 0,,
otn+zxVe.Vn = 0.
Differential approximation:
k
k2 = 200k [k2¢3/28k (k3¢3/2)] ,
dn = —ako, [k2n3/23k (k2n3/2ak?)] .
n n
Energy formulation: with injection Z and dissipations v¢"", uf'"
Oon = 200 [k} 10 (k04E)])]
+Tyk — u¢k4£1/2 VP k08, (1)
83/4 83/4 8;/3
IEnk = —adk — 1174 9 — 1174 <2 k817/2
n,k
+In,k - V:k45n,k - ka_ﬁgn,k s (2)
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Differential approximation

Passive scalar: spectrae

* Vorticity stationnarity:
o [k ko (ke )] ~ 0

Ey~k~3or &y~ k53
recover Kraichnan-Kolmogorov
* Note:

o (ko123/%)
k 9
recover the Leith model

o [/ ko (k0143 )] = o

* Passive scalar stationnarity:

£l/?
L A
n,k

Gives six different slopes:
Enk ~ {kfs; K—11/3. (=5/3 . 1. g1/3, k3}
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Differential approximation

Signs of the fluxes

Remind the defnition of the fluxes:

9/2¢3/2
_ ¢ O (k 1€y )
0y = =0 N} uakf,

Constant, nonzero, fluxes correspond to :

0tEn

* MY <0 for £ ~ k=573
Inverse energy cascade
* M7 >0 for £y ~ k™53 and &, ~ k=5/3
* M} >0 for &y ~ k=3 and &, ~ k71
Direct enstrophy cascade
(in the case n = k%¢)
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Differential approximati

Spectral zoo of the passive scalar

10t
.
Vary injection location: 1
* Tyt inject vorticity v k=1
at k{ = 1.0 % 1L K=k =10
.. . * O no_
% Ipn: inject passive e K=Lk=1
scalar at kf = " kK =Llkp=01
10{—2;—1:0:1:2} R =1,k =001
o 10°° 102 10! 10 10" 10% ;)]
L& [ & [ng[ng
K k
5/3 [ _11/3] — | 0
—5/3 | —5/3 | — | +
—5/3 | 1/3 | — | 0
102
-3 -5 0 0 =
3 1 o[+ T
3 3 0 0 .
0
1010
10-* 1072 10! 10 10" 10% 10°
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Reduced model for LH transition

Plan

© Reduced model for LH transition
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Reduced model for LH transition

Shell model coupled to radial profiles®

* Transport equations: density n(r, t), pressure P(r,t)
Oen = V. [(Dneo + Drurb€) V] 4 Sn(r)
OtP = V. [(Xneo + Xturb€) VP] + Sq(r)
* Turbulence evolution: intensity E(r, t) = >, dnd)
Oetn = Fo—vik, *bn — vskpdn + DeV2n
o qkna* k:%
oy e {g (1+&°ky — q°) bhin — (1 + 2 a) dha
ka(g®=1) [ 7. YN
+a% e Ton_adh_ 1 — (g2 +1)g 3¢n—1¢;+1 + g3¢:+1¢:+2]
n
* Mean flow evolution: é(r, t) at scale g

_ k3g(g®—1 _
o =ay. %aﬁaﬁﬂ —ve [6— by (r,1)]

radial force balance: ¢Vé = q%VP.Vn

8V, Berionni, PoP 2017, see also Miki and Diamond for numerous works on similar system
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Reduced model for LH tran:

kinetic LDM mc

L Mode

I
s
o 5 ! P(r,t)
I ©
. 51 s
o
1 1
I.,s
0 m :
0 02 0.1 0.6 08 7 Time
9 L-H g
94 Transition
£
[2] | 5
>’ 3 " E(r,t)
LE ° &
3 (4] i
<1 o
| I3
! h 14U L
0 10 . 10 20 z . 150 200 . ’
time Time
.
£
=]
Fal
g
.“é"
<
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@ Discussion
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Discussion

Discussion - TODO list

* hierarchy of reduced models available
shell — spiral — LDM
differential approximation
* shell models describe LH transition
incorrect growth rate information
(R. Singh and R. Heinonen for similar dicussion)
miss phase information
LDM model more accurate

*

key ingredient lacking is the nonlocal coupling
(in k-space)
* an UFO: differential approximation
deserves adaptation to plasmas
* candidates for "sub-grid* models ? Resolved scales unresolved (subrid) scales

S

Dissipation range
Inertiaf range

orcing range

28/41
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Bonus

Plan

@ Bonus
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Bonus

Back to TEM+TIM system : phase representation

We have to solve :

. . QgE
Otfk = ikaOyFso Jostk — ika ; f— > [zxp.a)Jos) foy s
s k+p-+q=0
+oo
G = ZZS/ Josfox VEdE .
0
s
Decompose the distribution function into phase/amplitude: fox = |fuk| €/%%
Oelfl = —kadyFioS [Toste™ ] = 7 [2xp.alR [Jostp |fral e (o0
k+p+q
R [Jospk e ¥k QuE
Orprk = kaaqusoy — ka2
|fsk| Zs
; fs
— S kxp.alS [Jwb; e_,(wqwk)] fsal
|fsk]
k-+p+q=0
+oo .
G = ZZS/ Jos | fsx| €'¥% .
0
s
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Bonus

Phase representation of TEM+TIM

Delfal = —kaOuFeoS [Tostne ] = 37 [z x p.al R [Tosy [l e (20t 0] |
k+p+q
QuE R | T e~k
8i"P'k = —ka ; +ka8wFsO%
S Si

- > lzxp.alS [Joub,ﬁ e‘i(¢q+‘/’k)] [fsal i

f
k+p+q=0 skl

—+o0o . —
G = 2 [ Forlful € (= Celonl 7).
s

* Injection wrt amplitude: linear, due to equilibrium gradients o 9y, Fso
contains the radial fluxes of heat and particles

anisotropy: ko = ksin 0y

phase relationship: & [J05¢ke_i¢k] o sin (@k — k)

= null for px — ¢k =0

correspond to stable drift waves
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Bonus

Phase representation of TEM+TIM

Ot|fa] = —kaOypFsoS [J05¢>k67'¢"]— Z [zxp.q]R [Joﬂﬁ; |sql eii(%ﬂp")] ,
k+p+q
QuE R | T e~ ik
ek = —ka—d= 4 kaaw;:sOM
Zs ‘fsk|
- > [zxp.dS [JOS¢$ e_"(*"‘”’k)] |ffq| )
k+p+q=0 [fakd

+o00o i o
G = Z&/O Jos |fok| "% (= Cx |¢>k|e'“’"> :
s

* Injection wrt amplitude

* Nonlinear transfers: trianglesk+p+qg=20
phase relationship: R [Jos¢,§ [fsql e_i(ﬂanr‘Pk)] o cos (¢k + ¢q + Pp)

max for px +Pp + pq =0
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Bonus

Phase representation of TEM+TIM

Oclfal = —kaOypFs0S [J05¢ke”¢"]— > [zxp.q® |:n705¢; |feal e—"(%ﬂok)] 7
k+p+q
QuE R | T e~ ik
8l"pk = 71((1 ZL + ka&sto%
S Si
- > [zxp.qS [.705¢>; e”'("’"“"k)] “;5—“' ,
k+p+q=0 Ifaxl

+oo . .
G = Zzs/o Jos |fok| € (= Cr || e“"") .
s

* Injection wrt amplitude
* Nonlinear transfers
* ballistic phase: x Zs
linear growth /decrease of phase
< ke E
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Bonus

Phase representation of TEM+TIM

Belfal = —kaOuFaod [Tostce™ | = 3 [z x poalR [Jostp Ifua e~ (FPrte0)]
k+pta
QuE R [Toshk e~k
o = ka4 ka Oy Fsoy
Zs ‘fsk‘
- > [zxp.qS [JOS¢,§ e"'(*"“““)] |f—“|
k+p+q=0 [fal
+o00o i o
G = ZZs/ Jos |fok| "% (= Cx |¢k|e'¢") .
0
S
* Injection wrt amplitude
* Nonlinear transfers
* ballistic phase
* phase coupling wrt energy E: background gradients o 9y, Fso

anisotropy: o ko = ksin 0
phase relationship: % [Josqbk e*"“’k] o cos (Pk — ¥k)
= max for @ — px =0

Kuramoto model: | di0; = wi + Krsin (¢ — 6;) |
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Bonus

Phase representation of TEM+TIM

lfal = —hoOuFo S [Jostie | = D7 [z x p.alR [Josty Ifog] e~ (P00
k+p+q
Q E i R [ Tosdr e 1Pk
8i'Sak = 7/((» ZL + krydwFso%
s sk
: .
- Z [zxp.qIS [Jo;¢; e_’(%ﬁ'#’k)] |fs7q| ,
k-+p-+q=0 sl

“+0o0 . —
G = 32 [ Fowlful € (= Cilonl 7).
s

Injection wrt amplitude
Nonlinear transfers

ballistic phase

phase coupling wrt energy E

* ok X ok %

phase coupling wrt k: trianglesk+p+q=0
S [Fostge (o0t oc sin (1 + B + 0a)
= minimal for maximal nonlinear transfers
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Bonus

Phase dynamics in TEM

TEM driven simulation 4 phase representation

log | k| cos(6},)

36/41
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Bonus

Phase dynamics in TEM

- — %o

| — =

2
L\

10t —

§ — @
1 — —(Dp),
10%

10" /‘/

10°

0
~100
~10"
~10?
~10°
-10"

100 10" 10? 10°
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hell model

1000
10

1le-01
le-03
le-05
1e-07
le-09

le-11

6 x 10°

4% 10°

3% 100

2% 100




Phase dynamics in TEM
10

le-01
le-03
1e-05
le-07
1e-09

le-11

100
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Bonus

Phase dynamics in TEM
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Bonus

Perspectives

* scalaire passif :
solution analytique zones dissipatives ?
avec £y k=3

Pr << 1: &, suramorti

k—3
K1/4g3/4 g, +UIK2E, =0

di | k14349, o
n

Pr>>1: &4 suramorti
17/203/2
dy (k 2g; )

4o
di p — 2Kk, =0
* anisotropie : en tenir compte en posant :
p = k(l+ep)
g = k(l+e)
= développement limité & deux variables (ep , €q)
3 . 22 2
= déformation des angles o, = arccos =7 =1
_ l+6p(2+6p)76q(2+6q)
= arccos — =5

* cas gyrocinétique : gyromoyennes 77
Festival de Théorie - 41/41
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